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Abstract—This paper is devoted to joint tracking and classifi-
cation of an extended object using measurements of down-range
and cross-range extent. Most existing approaches only focus on
tracking, which provides estimation of both the centroid state and
object extension. However, target classification is also a critical
problem in practice. Especially for extended objects, tracking
and classification should be handled jointly instead of separately
because they affect each other in many practical applications.
This paper attempts to solve the problem of joint tracking and
classification of extended objects by integrating prior size and
extension information into support-function-based object models.

The support function fits well with our problem because not only
can it describe object shape, but it also has a close connection
with the target range extent measurements. An algorithm for joint
tracking and classification of extended objects based on support
functions is derived to obtain jointly the estimation of kinematic
state and object extension in a class and the probability of the
object class. Furthermore, we also propose a method for fusing
object extension. The effectiveness of the proposed approach is
illustrated by simulation results.

Keywords—Joint tracking and classification, extended object,
down-range and cross-range extent, support function.

I. INTRODUCTION

In the past several decades, target tracking techniques
have been studied extensively with fruitful results [1]. In the
conventional tracking applications, most classical approaches
focus on tracking of point targets based on noisy measurement
without considering the object extension (i.e., size, shape and
orientation) because of limited sensor resolution capabilities,
that is, they estimate only the kinematic state (e.g., position,
velocity, acceleration) of a target. With the increased resolution
of modern sensors, treating an object as a point mass is no
longer reasonable. In this case, most point target tracking
approaches cannot be applied directly in many current tracking
scenarios. An object should be considered as extended if its
target extent is larger than the sensor resolution [2]. Extended
object tracking (EOT) aims to estimate the kinematic state and
object extension. In recent years, EOT has received more and
more attention.
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EOT uses not only measurements of the target centroid
but also high resolution sensor measurements. For example,
some modern sensors can resolve individual features or their
measurements may come from different locations of an ex-
tended object. Such an object can be modeled as a rigid
body or a semi-rigid set of points [3]. Several models and
approaches have been proposed for EOT [4] [5], including
the spatial probability distribution model [6] [7], the random
hypersurface model [8] [9], the random matrix approach [10]
[11] [12] [13], the multiple hypothesis tracking [14], and the
probability hypothesis density filters [15]. In addition, some
modern surveillance sensors are able to provide one or more
dimensions of the target’s range extent (e.g., down-range and
cross-range extent) measurements on a single extended object
along the line of sight (LOS). In this context, several existing
approaches differ mainly in extended object models for approx-
imating the true object shape [16] [17] [18]. However, they can
only describe ellipses or rectangles under the assumption that
the major axis of the object is parallel to its velocity vector.
This is not valid in many practical tracking scenarios. To
solve such problems, we have proposed two approaches based
on support functions and extended Gaussian images (EGI),
respectively, to model smooth and non-smooth objects in [19].
These approaches are capable of modeling a variety of objects
and capture more detailed shape information.

For extended objects, the above approaches handle only
tracking. However, classification is a critical problem. It aims
to identify the target allegiance, target class and so on [20].
Tracking and classification arise in many practical applications,
which have received a great deal of attention in recent years.
For point targets, tracking and classification are usually treated
separately in many existing approaches. This is not necessarily
good because tracking and classification are coupled in many
scenarios (i.e., they affect each other), and thus classification
may facilitate tracking and vice versa [21]. In view of this,
target tracking and classification should be handled jointly
instead of separately. Several approaches were proposed for
joint tracking and classification (JTC) of point targets [21]
[22] [23] [24] [25]. For extended objects, a random-matrix
approach to JTC was proposed using multiple measurements
of scattering centers [26]. In addition, [28] deals with JTC
of extended objects by combining recursive joint decision and
estimation (JDE) based on a new Bayesian risk [21] [22] [27]
with the random-matrix-based EOT [12], in which extended



objects differ in maneuverability.

To our knowledge, there is no explicit consideration in the
literature for JTC of extended objects using the down-range
and cross-range extent measurements. The main difficulties
are: a) how to describe extended objects in different classes
by using the prior size and shape information in a concise
mathematical form? b) how to incorporate the class-based
information into object models for JTC?

To solve these problems, this paper proposes an approach
to JTC of extended objects based on support functions. The
proposed approach not only estimates the kinematic state and
object extension but also determines the class to which the
object belongs. When classifying extended objects, the size
and shape of an extended object in a class is assumed known
because only several classes of the extended objects (e.g.,
ships and aircraft) may exist in practical applications. Note
that the orientation of the object is not known a priori and is
usually online information. In this work, extended objects in
different classes are represented by different extension models.
For example, smooth objects such as ellipses can be modeled
based on support functions; non-smooth object shapes such as
rectangles can be directly described by the EGI in a concise
form. Actually, there is a close connection between EGI and
support function for modeling extended objects [19]. Several
non-smooth objects having symmetry can be modeled in the
framework of support functions in some cases. As an example
of a rectangular object, its support function representation can
be obtained indirectly from its EGI by utilizing this connection
(to be demonstrated later).

For JTC of extended objects, we consider integrating prior
size and shape information into support-function models to
improve performance. This is because sufficiently utilizing
such information can effectively improve the accuracy of
object extension estimation. With the help of extension track-
ing, object classification can also be improved. On the other
hand, classification benefits tracking because appropriate class-
dependent extension models can be used for tracking. By using
the support-function model, we propose a algorithm for JTC of
extended objects to jointly obtain the kinematic state estimates
and object extension in a class and the probability of the object
class. As an output of the JTC algorithm, the object extension
fusion is needed. Thus, we also propose a method for fusing
object extension.

This paper is organized as follows. Section II briefly
reviews the EOT based on support functions and EGI. Section
III first formulates the extended object JTC problem in which
extended objects of different classes differ in extension. Then
we propose an algorithm for JTC of extended objects based on
support functions using the measurements of down-range and
cross-range extent. In Section IV, simulation results are pre-
sented to demonstrate the effectiveness of what we proposed.
The last section concludes the paper.

II. EOT BASED ON SUPPORT FUNCTIONS AND EGI

Before discussing JTC of extended objects using down-
range and cross-range measurements, we review briefly EOT
based on support functions and extended Gaussian image [19].

A. System Model

Consider the following system model:

xk = f(xk−1, wk−1)
zk = h(xk, vk)

(1)

It describes the object dynamics and sensor measurements,
where xk is the state vector with transition function f , zk
is the measurement vector with the measurement function h,
k is time index, and wk ∼ N (0, Qk) and vk ∼ N (0, Rk) are
mutually independent white Gaussian noise. Unlike a point
target, the state vector of an extended object is given by
xk = [(xm

k )′, (ek)
′]′, which consists of the centroid kinematic

state xm
k and the vector ek characterizing the object extension.

Consider xm
k = [xk, ẋk, yk, ẏk]

′, where (x, y) and (ẋ, ẏ) are the
position and velocity in the Cartesian plane, respectively.

In this work, we assume that a high resolution sensor pro-
vides measurements of down-range extent D and cross-range
extent C along LOS, as well as range r and bearing β measure-
ments of the object centroid, given by zk = [rk, βk, Dk, Ck]

′.
Since the elements of measurements zk are obtained from
different physical channels, the noise vk is generally assumed
to be zero-mean white Gaussian with independent elements:

cov[vk] = Rk = diag[Rr
k, R

β
k , R

D
k , RC

k ]

B. Modeling Based on Support Function

Based on support functions, a general approach was pro-
posed to model smooth objects in [19]. For example, an ellipti-
cal object is approximated by using a 2×2 symmetric positive
semi-definite matrix Ek as a suitable parametric representation,
where

Ek =

[
E

(1)
k E

(2)
k

E
(2)
k E

(3)
k

]
(2)

Ek carries useful and important information about the exten-
sion (i.e., size, shape and orientation) of the elliptical object.
The support function H(θk) of this elliptical object at viewing
angle θk is given by [29]

H(θk) = (v′kEkvk)
1/2

= ([cos θk, sin θk]Ek[cos θk, sin θk]
′)1/2 (3)

where vk = [cos θk, sin θk]
′. Here entries E

(1)
k , E

(2)
k , E

(3)
k

of the matrix Ek can be considered to form the extension
parameters ek. Clearly from Eq. (3), H(θk) is characterized by
ek. However, the estimated Ek may lose symmetry or positive
semi-definiteness, leading to unpredictable results. To prevent
this, we employ the Cholesky decomposition of Ek give by
LkL

′
k, where

Lk =

[
L
(1)
k 0

L
(2)
k L

(3)
k

]
(4)

Lk is a lower triangular matrix with positive diagonal entries.
Correspondingly, Eq. (3) can be rewritten as

H(θk) = ([cos θk, sin θk]LkL
′
k[cos θk, sin θk]

′)1/2 (5)

Thus, we have the extension vector ek = [L
(1)
k , L

(2)
k , L

(3)
k ]′

and the state vector xk = [xk, ẋk, yk, ẏk, L
(1)
k , L

(2)
k , L

(3)
k ]′.



The support function not only can describe object shapes,
but also has natural ties with the down-range D(θk) and cross-
range extent C(θk) of extended objects. D(θk) and C(θk)
measure the length and breadth of an extended object along
the LOS, respectively.

Fig. 1. Down-range extent in terms of support functions

As an example of the elliptical object in Fig. 1, the down-
range extent D(θk) is the sum of support functions H(θk) and
H(θk + π) (see Fig. 1) [19]:

D(θk) = H(θk) +H(θk + π) (6)

where H(θk) and H(θk + π) are the distance from the
centroid to supporting lines Ls(θ) and Ls(θ+π), respectively.
Correspondingly, the cross-range extent can be written as

C(θk) = H(θk +
π

2
) +H(θk −

π

2
) (7)

where H(θk + π
2 ) and H(θk − π

2 ) are the distance from the
centroid to supporting lines Ls(θk + π

2 ) and Ls(θk − π
2 ),

respectively (see Fig. 2). This type of measurement can be
directly expressed in terms of support functions. Since the
elliptical object is centrosymmetric, we have

H(θk) = H(θk + π) (8)

H(θk +
π

2
) = H(θk −

π

2
) (9)

Fig. 2. cross-range extent in terms of support functions

Then from Eqs. (5), (6), and (7),

D(θk) = 2([cos θk, sin θk]LkL
′
k[cos θk, sin θk]

′)1/2 (10)

C(θk) = 2([− sin θk, cos θk]LkL
′
k[− sin θk, cos θk]

′)1/2 (11)

C. Modeling based on EGI

The above approach can not be applied directly to an
rectangular object, so another object modeling approach based
on extended Gaussian images was proposed to describe non-
smooth object shapes in a concise form [19]. The EGI is
particularly convenient to represent and parameterize the shape
of a convex body K concisely [30]. If K is an N -sided
polygon whose jth edge has length lj and outer unit normal
vector uj = [cosαj , sinαj ]

′, its EGI can be represented by N
vectors ljuj for j = 1, 2, ..., N counterclockwise (see Fig. 3),
so a convenient set of parameters {l1, ..., lN , α1, ..., αN} can
be considered as EGI parameters to be used. In particular, if
we have the EGI parameters of a convex polygon K , the shape
of K is uniquely determined.

Fig. 3. EGI representation of a convex polygon

At the viewing diection v = [cos θ, sin θ]′, the down-range
and cross-range extent of object K can be written as [19]

D(θ) = H(θ) +H(θ + π) =
1

2

N∑

j=1

lj | sin(θ − αj)| (12)

C(θ) = H(θ−
π

2
)+H(θ+

π

2
) =

1

2

N∑

j=1

lj | cos(θ−αj)| (13)

Clearly from Eqs. (12) and (13), the down-range extent D(θ)
and cross-range extent C(θ) can be calculated by the above
equations using the EGI parameters {l1, ..., lN , α1, ..., αN}.
This provides a connection between the EGI and the support
function. Some non-smooth objects having symmetry can be
modeled in the framework of support functions this way. For
example, we can obtain the support function representations of
rectangular objects by utilizing this connection indirectly. For
more details about EGI-based modeling we refer the reader
to [19]. Note that the down-range and the cross-range extent
of an extended object is actually the functions of the viewing
angle θ along LOS for tracking.



III. JTC OF EXTENDED OBJECT BASED ON SUPPORT

FUNCTIONS

A. Problem Formulation

For JTC of extended objects based on support functions,
estimates of the kinematic state and object extension in a class
and the probability of the object class C need to be obtained
jointly. C is time-invariant, which take values in a discrete set:

C ∈ {c(i), i = 1, ..., N}

The object state vector xk = [(xm
k )′, (ek)

′]′ consists of the
centroid kinematic state vector xm

k = [xk, ẋk, yk, ẏk]
′ and the

extension parameter vector ek. The support function H(θk) of
an extended object (e.g., (5)) is characterized by ek. Consider
the following system model:

xk = f (i)(xk−1, w
(i)
k−1)

zk = h(i)(xk, v
(i)
k )

(14)

where xk is the state vector with transition function f (i) and
superscript i denotes quantities pertinent to the i-th class of
objects in {c(1), c(2), ..., c(N)}. zk = [rk, βk, Dk, Ck]

′ is the
measurement vector with the possibly nonlinear measurement
function h(i). Here it is assumed that initial class probabilities

µ
(i)
0 are known for i = 1, ..., N . For effective tracking and

classification, we consider integrating support-function-based
object model into EOT in a Bayesian framework, in which
prior size and shape information is sufficiently utilized.

B. Support-Function-Based Algorithm for JTC of Extended
Object

In this part, we propose a support-function-based algorithm
for JTC of extended objects under the following two funda-
mental assumptions:

A1: The object class C is time invariant.

A2: C is in the set of classes {c(1), c(2), ..., c(N)}.

For JTC of extended objects, both A1 and A2 are reason-
able. The proposed algorithm runs a class-conditional filter for
each class c(i) (i.e., a linear/nonlinear filter conditioned on each

class) to obtain the class-conditional state estimate x̂
(i)
k|k and

associated covariance P
(i)
k|k . Suppose that the required initial

condition at time k − 1, x̂
(i)
k−1|k−1 = [x̂

m,(i)
k−1|k−1, ê

(i)
k−1|k−1]

′

and P
(i)
k−1|k−1, are available for class c(i), i = 1, ..., N . Let

C(i) , {C =c(i)} {i = 1, ..., N} be the event that the object is

in class i. x̂
(i)
k−1|k−1 , E[xk−1|zk−1, C

(i)] is the minimum

mean square error (MMSE) estimate from the i-th class-
conditional filter assuming C(i) is true throughout time. It can
be obtained recursively in two steps (prediction and update).
Here we assume that the dynamics equation in Eq. (14) is
linear, given by

x
(i)
k = F

(i)
k−1x

(i)
k−1 + w

(i)
k−1 (15)

where F
(i)
k−1 is the state transition matrix. We use the unscented

transformation (UT) [32] for the nonlinear part of (14) and

leave the remaining part to the Kalman filter. Thus prediction
can be done exactly as in the Kalman filter:

x̂
(i)
k|k−1 = F

(i)
k−1x̂

(i)
k−1|k−1 + w̄

(i)
k−1 (16)

P
(i)
k|k−1 = F

(i)
k−1P

(i)
k−1|k−1(F

(i)

k−1)
′ +Q

(i)
k−1 (17)

where w̄
(i)
k−1 and Q

(i)
k−1 are the first two moments of w

(i)
k−1.

Then the measurement prediction ẑk|k−1 is

(ẑ
(i)
k|k−1, S

(i)
k ) = UT (h(i)(xk, v

(i)
k ), [x̂

(i)
k|k−1, v̄

(i)
k ],

diag(P
(i)
k|k−1, R

(i)
k )) (18)

where v̄
(i)
k and R

(i)
k are the first two moments of v

(i)
k . The UT

is used to approximate mean and covariance of a nonlinear

function of x̂
(i)
k|k−1 by deterministic sample points h(x̂

(i)
k|k−1,j)

with weights αj , j = 0, 1, ...,M :

ẑ
(i)
k|k−1 =

M∑

j=0

αj ẑ
(i)
k|k−1,j , ẑ

(i)
k|k−1,j = h(x̂

(i)
k|k−1,j) (19)

S
(i)
k =

M∑

j=0

αj(ẑ
(i)
k|k−1,j − ẑ

(i)
k|k−1)(ẑ

(i)
k|k−1,j − ẑ

(i)
k|k−1)

′ (20)

where S
(i)
k is the covariance of ẑ

(i)
k|k−1. The update is

C
(i)
x̃k|k−1 z̃k

=
M∑

j=0

αj(x̂
(i)
k|k−1,j − x̂

(i)
k|k−1)(ẑ

(i)
k|k−1,j − ẑ

(i)
k|k−1)

′

(21)

K
(i)
k = C

(i)
x̃k|k−1 z̃k

(S
(i)
k )−1 (22)

x̂
(i)
k|k = x̂

(i)
k|k−1 +K

(i)
k (zk − ẑ

(i)
k|k−1) (23)

P
(i)
k|k = P

(i)
k|k−1 − K

(i)
k S

(i)
k (K

(i)
k )′ (24)

where x̂
(i)
k|k = [x̂

m,(i)
k|k , ê

(i)
k|k]

′ is the updated estimate of the

kinematic state and extension parameter, P
(i)
k|k is its covariance.

For JTC of extended objects, we not only estimate the kine-
matic state and object extension, but also determine the class
to which the object belongs. The object classification depends
on the posterior probability of C.

1) Classification of Extended Object: Suppose that the

required initial class probabilities µ
(i)
k−1 at time k − 1 are

available for class c(i), i = 1, ..., N (
∑N

i=1 µ
(i)
k−1 = 1). The

posterior probabilities µ
(i)
k are obtained by Bayes’ formula

µ
(i)
k , P{C(i)|zk}

=
p[zk|zk−1, C(i)]P{C(i)|zk−1}

p[zk|zk−1]

=
p[zk|zk−1, C(i)]P{C(i)|zk−1}

∑N
i=1 p[zk|z

k−1, C(i)]P{C(i)|zk−1}

=
p[zk|zk−1, C(i)]µ

(i)
k−1∑N

i=1 p[zk|z
k−1, C(i)]µ

(i)
k−1

(25)



Note that Λ
(i)
k = p[zk|zk−1, C(i)] is the likelihood of class c(i)

at time k. We consider approximating this likelihood with a
Gaussian distribution by moment matching, as in [1]:

p[zk|z
k−1, C(i)] ≈ N (z̃

(i)
k ; 0, S

(i)
k ) (26)

2) Kinematic State Estimation Fusion: The fused kine-

matic state estimate is calculated as the sum of x̂
m,(i)
k|k weighted

by their corresponding class probabilities µ
(i)
k :

x̂m
k|k = E[xm

k |zk]

=
N∑

i=1

E[xm
k |zk, C(i)]P{C(i)|zk}

=
N∑

i=1

x̂
m,(i)
k|k µ

(i)
k (27)

where x̂
m,(i)
k|k is obtained by Eq. (23). Unlike for a point

target, extension estimation fusion of an extended object is
also needed.

3) Extension Estimation Fusion: Since the extension of
an extended object in each class c(i) is represented by its

support function H(i)(θk), the fused extension estimate Ĥ(θk)
can be calculated as the sum of Ĥ(i)(θk) weighted by their

corresponding class probabilities µ
(i)
k in the framework of

support functions:

Ĥ(θk) =

N∑

i=1

Ĥ(i)(θk)µ
(i)
k (28)

where Ĥ(i)(θk) is characterized by the updated extension

parameter vector ê
(i)
k|k. Suppose we have two classes of ex-

tended objects (e.g., elliptical c(1) and rectangular c(2)) and

µ
(1)
k = µ

(2)
k = 0.5, the extension estimation fusion is illustrated

in Fig. 4. Clearly from Eq. (28),

Ĥ(θk) =

{
Ĥ(1)(θk) (i.e., C ∈ c(1)), if µ

(1)
k = 1

Ĥ(2)(θk) (i.e., C ∈ c(2)), if µ
(2)
k = 1

(29)

Remark 1: As mentioned in the previous section, an el-
liptical object is parameterized by matrix Ek. It can also be
parameterized as follows. Decompose Ek as

Ek = R̂k

[
a2k 0
0 b2k

]
R̂′

k (30)

where R̂k is a rotation matrix and ak and bk are the lengths
of the semi-major and semi-minor axes, respectively. In two
dimensions every rotation matrix has the form:

R̂k =

[
cosαk − sinαk

sinαk cosαk

]
(31)

where αk is the orientation angle between the major axis and
the x-axis of the Cartesian coordinate system. Eq. (3) thus
becomes

H(θk) =

([
cos θk
sin θk

]′
R̂k

[
a2k 0
0 b2k

]
R̂′

k

[
cos θk
sin θk

])1/2

= (a2k cos
2(θk − αk) + b2k sin

2(θk − αk))
1/2 (32)
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Fig. 4. The fused object extension and its support function representation

where ak, bk, and αk can be considered as the extension pa-
rameters to be estimated. For a rectangular object, its EGI pa-
rameters can be easily obtained as {lk,1, lk,2, lk,1, lk,2, αk, αk+
π
2 , αk+π, αk+

3π
2 }. Thus lk,1, lk,2 (i.e., the length of minor and

major axes) and the angle of orientation αk can be considered
as the extension parameters to be estimated. By Eq. (12), we
have

D(θk) = lk,1| sin(θk − αk)|+ lk,2| cos(θk − αk)| (33)

Since the rectangular object is centrosymmetric, its support
function is easily obtained by Eq. (6),

H(θk) = H(θk + π) =
1

2
D(θk)

=
1

2
(lk,1| sin(θk − αk)|+ lk,2| cos(θk − αk)|) (34)

C. Implementation of JTC Algorithm

By using the support-function-based object model, the
proposed algorithm can be easily implemented for tracking and
classification of extended objects. One cycle of the algorithm
is:

Step 1. Class-conditional filtering for each class c(i) (i =

1, 2, ..., N ) with x̂
(i)
k−1|k−1 and P

(i)
k−1|k−1:

{x̂
(i)
k−1|k−1, P

(i)
k−1|k−1, zk} → {x̂

(i)
k|k, P

(i)
k|k, z̃

(i)
k , S

(i)
k } (35)

Step 2. Update the posterior probability of each class c(i)



(for i = 1, 2, ..., N ):

{µ
(i)
k−1, z̃

(i)
k , S

(i)
k } → {µ

(i)
k } : µ

(i)
k =

µ
(i)
k−1Λ

(i)
k∑N

i=1 µ
(i)
k−1Λ

(i)
k

(36)

with likelihood Λ
(i)
k ≈ N (z̃

(i)
k ; 0, S

(i)
k )

Step 3. Kinematic state estimation fusion:

x̂m
k|k =

N∑

i=1

x̂
m,(i)
k|k µ

(i)
k (37)

Step 4. Object extension estimate fusion:

Ĥ(θk) =
N∑

i=1

Ĥ(i)(θk)µ
(i)
k (38)

where Ĥ(i)(θk) is characterized by the extension parameter

vector ê
(i)
k|k. Object class decision depends on the posterior

probability µ
(i)
k of object class. Since the measurement equa-

tion in Eq. (14) is severely nonlinear, the unscented filtering
(UF) [33] is adopted as class-conditional filtering for each class
c(i). The flowchart of our JTC algorithm is illustrated in Fig.
5.

Fig. 5. The flowchart of support-functions-based algorithm for JTC of
extended object

IV. SIMULATION STUDY AND PERFORMANCE ANALYSIS

To illustrate the effectiveness of the proposed approach to
JTC of extended objects, simulation examples are presented in
this section.

In this simulation, suppose that we know that two classes
of an extended object may exist in the area of interest:

(a) c(1): an ellipse with major axis 50m and minor axis
10m.

(b) c(2): a 50m by 10m rectangle (same axis lengths as in
c(1)).

For extended objects in c(1) and c(2), size and shape
information is known a priori. Consider a scenario in which the
extended object of true class c(1) moves at a nearly constant
velocity [34] in the 2-D Cartesian coordinate system with the
initial kinematic state xm

0 = [1000m, 60m/s, 2000m, 30m/s]′,
and its angle of orientation is assumed to be π/6 as extension
parameter e0. Then the initial state vector of the extended
object is given by x0 = [(xm

0 )′, e0]
′, and the discrete dynamics

is

xk+1 = FCV
k xk + Γkwk (39)

with

FCV
k = diag(F, F, I), Γk = diag(Γ,Γ, I)

F =

[
1 T
0 1

]
, Γ =

[
T 2/2
T

]

The sensor is fixed at the origin (0, 0) and it provides measure-
ments of range, bearing, and the target range extent along LOS
every T = 2s. Each measurement is corrupted by independent,
zero-mean Gaussian noise with standard deviations σr = 5m,
σβ = 0.01rad, σD = 5m, and σC = 5m. The measurement
equation is

zk =




√
(xk)2 + (yk)2

arctan(yk/xk)
D(θk)
C(θk)


+ vk (40)

This work is focused on the JTC of extended objects using
the down-range and cross-range measurement. We evaluate the
tracking performance of the proposed JTC approach, which is
compared with the existing approaches to EOT by simulations.
Consider the following approaches:

1) JTC: our proposed approach.

2) EOT-SF: the one proposed in [19] for an elliptical object.

3) EOT-EGI: the one proposed in [19] for a rectangular
object.

EOT-SF and EOT-EGI both estimate the kinematic state
and object extension jointly. The initial extension uncertainty
is quantified by the standard deviation of the orientation angle
initialized with 0.1rad. The variances of the initial state in
position and velocity are 1002m2 and 102m2, respectively. In
our JTC algorithm, Eq. (36) is used for classification and Eqs.
(37), (38) for tracking. All the corresponding parameters are
the same as in the compared EOT algorithms.

Evaluation of estimation performance has always been
centered on root-mean-square error (RMSE):

RMSE(x̂) = (
1

M

M∑

i=1

‖x̃i‖
2)1/2 (41)

where x̃i is the estimation error on the ith of the M Monte-
Carlo runs. However, the use of the average Euclidean error
(AEE) is better than RMSE, as analyzed convincingly in [35].
AEE has a more direct, natural interpretation and is less



0 5 10 15 20 25
0

5

10

15

20

25

30

35

Time step k

A
E

E
 o

f 
P

o
s
it
io

n

 

 
EOT−SF
EOT−EGI
JTC

(a)

0 5 10 15 20 25
0

2

4

6

8

10

12

14

Time step k

A
E

E
 o

f 
V

e
lo

c
it
y

 

 
EOT−SF
EOT−EGI
JTC

(b)

0 5 10 15 20 25
0

5

10

15

20

25

Time step k

H
a

u
s
d

o
rf

f 
D

is
ta

n
c
e

 

 
EOT−SF
EOT−EGI
JTC

(c)

Fig. 6. performance comparison. (a) AEE of Position. (b) AEE of Velocity.
(c) Hausdorff distance.

dominant by large errors. See [35] for more details. It is defined
as

AEE(x̂) = (
1

M

M∑

i=1

‖x̃i‖) (42)

In this simulation, AEE is chosen as the measure and compar-
ison results are presented in terms of AEE for the kinematic
state (i.e., position and velocity) over 100 Monte Carlo runs.
Shape evaluation of an extended object may be considered as
a problem of object shape matching, and thus the Hausdorff
distance is introduced to measure the degree of resemblance
between the estimated shape and the true one. Since a convex
body K is completely determined by its support function
HK(·), the Hausdorff distance is given by the support function
as [31]

dH(A,B) = ‖HA(·)−HB(·)‖∞ (43)

where ‖·‖∞ denotes the infinity norm of a function. For Eq.
(43), the Hausdorff distance calculates the distance between
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the bodies A and B, However, it is hard to use (43) directly
because [0, 2π) as the range of θ is a continuous set. For this
reason, [0, 2π) is replaced by the discrete set {i · 2π

Ns

, i =
0, 1, ...Ns − 1} based on uniform angle sampling, where Ns

is the number of sample points (here Ns = 1000). Then Eq.
(43) becomes

dH(K, K̂) = sup |HK(θ)−HK̂(θ)|
θ∈{i· 2π

Ns
,i=0,1,...Ns−1}

(44)

between the estimated shape K̂ and the true shape K . Clearly,
the shorter the Hausdorff distance is, the closer the estimated
shape is to the true one. It can be concluded from Fig. 6 that
the proposed JTC algorithm can effectively utilize prior size
and shape information. Besides, our JTC algorithm has almost
the same performance as EOT-SF, that is, JTC and EOT-SF can
estimate the kinematic state well and approximate the object
extension accurately while EOT-EGI cannot. Note that since
c(1) is the true class, EOT-EGI used the incorrect class model,
EOT-SF (unrealistically) used the correct class model, while
our JTC used the realistic prior information that the true class
is either c(1) and c(2).

For classification, we compare the averaged posterior
probabilities over 100 Monte Carlo runs. Simulations were
performed with the three different measurement noise levels
in TABLE I.

TABLE I. SIMULATION PARAMETERS

Low noise level Rk =diag[52m2,0.012rad2 ,52m2,52m2]

Medium noise level Rk =diag[102m2 ,0.022rad2,102m2 ,102m2]

High noise level Rk =diag[152m2 ,0.032rad2,152m2 ,152m2]

As shown in Fig. 7, the proposed JTC algorithm with
different Rk can all classify the extended object correctly (i.e.,
classify the object as c(1)). Note that the lower Rk is, the better
classification our JTC algorithm has in this simulation. The
above phenomenon was also observed when c(2) is the true
class.

V. CONCLUSION

For JTC of extended objects using measurements of target
range extent, this paper formulates this problem in which ex-
tended objects in different classes are represented by different
extension models based on support functions. The support
function has been introduced to JTC of extended objects with



the following advantages: a) it describes extended objects
with different extension in a concise mathematical form, and
prior class-based information is sufficiently utilized; b) it has
a natural and intuitive tie with target range extent of an
extended object, which facilitates the derivation of a JTC
algorithm using the proposed model; c) with the help of the
support function, a method for object extension fusion has been
obtained easily.

Generally, the main merits of our work are effective model-
ing and easy to implement for joint tracking and classification
of extended objects. Compared with existing approaches in
the simulation, the proposed JTC approach estimates both the
kinematic state and the object extension accurately. And for
object classification evaluation, simulations were performed
with three different measurement noise levels. These results
have verified the benefit of our approach — it provides correct
classifications in different cases.
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